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We study collective modes near the quantum critical point of a pair-density-wave (PDW) su-
perconductor in 2+1 dimensions. The fate of gaps of various collective modes is investigated by
functional renormalization. For incommensurate PDW superconductors, we show that the gapless
Leggett mode, protected by the emergent U(1) symmetry, can induce an exponentially small Higgs
mass compared to the superconducting gap. Further, for commensurate PDW superconductors, we
find an emergent mass hierarchy in the collective modes, i.e. the masses of Leggett boson, Higgs
boson, and the superconducting gap can differ by several magnitudes in the infrared. This may shed
light to a mechanism underlying the hierarchy problem in the Standard Model of particle physics.
Introduction.—Collective modes in superconductors
are among the most fascinating emergent phenomena in
condensed-matter physics [1, 2], and are further related
to the famous Anderson-Higgs mechanism [3–6]. In the
case of charge-neutral particles, spontaneous breaking of
global U(1) symmetry provides massive amplitude and
gapless phase fluctuations at low energies. However, in
the context of charged superconductors, i.e. electrons in-
teracting with dynamic photons, the gapless Goldstone
mode is “eaten” by gauge bosons resulting in massive
transverse photons and the Meissner effect [7–9]; in this
case, the amplitude mode is also known as Higgs mode.
Another collective mode – the Leggett mode [10] – ap-
pears in superconductors described by a superconducting
(SC) order parameter with multiple components. While
the U(1) transformation from charge conservation corre-
sponds to a uniform phase shift in all components, the
Leggett modes describe the relative phase fluctuations
between different condensates.
One intriguing manifestation of a multicomponent su-
perconductor is the pair-density-wave (PDW) supercon-
ductor whose order parameter transforms as a non-trivial
representation of both U(1) and lattice translation oper-
ations [11–24]. Recently, experimental evidences of PDW
ordering in cuprate high-temperature superconductors
were reported [25]. The superconducting order param-
eter of a generic PDW reads
∆(~r) = ∆+(~r)e
i ~Q·~r + ∆−(~r)e−i
~Q·~r, (1)
where ∆± correspond to two superconducting conden-
sates that are related by time reversal (or inversion) sym-
metry. Under a translation operation, the order parame-
ters transform as ∆± → e±iQ∆±, where Q = ~Q ·~b, and ~b
is a reciprocal lattice vector. Therefore, the phases of the
two complex order parameters manifest themselves as or-
der parameters of global charge conservation and trans-
lation symmetry. It can also be inferred from the sec-
ondary orders induced by the PDW, i.e., the 2 ~Q charge-
density wave (CDW) and the charge-4e superconductiv-
ity [13]. Under the transformation ∆± → eiθ±∆±, we
obtain ρCDW ∼ ∆+∆∗− → ei(θ+−θ−)ρCDW and ∆4e ∼
∆+∆− → ei(θ++θ−)∆4e.
It is clear that the induced CDW order is proportional
to the Josephson coupling between the two condensates
described by ∆+ and ∆−. For incommensurate momen-
tum Q, any local Josephson coupling is forbidden by the
translational symmetry of the Landau theory and conse-
quently, in addition to the global charge conservation, an-
other U(1) symmetry which is characterized by the phase
difference between the two condensates emerges. Conse-
quently, the Leggett mode is gapless which is protected
by the emergent U(1) symmetry in the incommensurate
PDW phase. Surprisingly, we find that the fluctuations
of the gapless Leggett mode can dramatically renormal-
ize the mass of Higgs mode. Specifically, we show that
the Higgs mass is exponentially small compared to the
superconducting gap – i.e. the gap in fermion spectrum
– at low energies, and thus opens up the possibility of a
detectable Higgs mode [26–29] in PDW superconductors.
On the order hand, for commensurate momentum ~Q
with commensurability N , the minimum integer satisfy-
ing 2NQ = 2pi×integer, the emergent U(1) symmetry
mentioned above is lowered to a discrete ZN symmetry
and the Landau free energy can then allow the follow-
ing Josephson coupling term at order N , h[(∆+∆
∗
−)
N +
H.c.] = 2h|∆+∆−|N cosN(θ+ − θ−), where h is a con-
stant. In this situation, the Leggett mode will obtain a
mass proportional to the strength of the order-N Joseph-
son coupling JN ∝ 2h|∆+∆−|N . As a result, the com-
mensurability N provides a knob to tune the mass of
the Leggett mode: for larger commensurability (larger
N), the Josephson coupling is more irrelevant, and the
Leggett boson mass gets smaller at low energies. In 2+1
dimensions, the Josephson coupling is dangerously irrel-
evant for N ≥ 3, which will result in an interesting hi-
erarchy [30–33] of the various masses of collective modes
as we will show below.
In the following, we implement a functional renormal-
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2ization group (FRG) approach [34–36] to investigate col-
lective modes in both incommensurate and commensu-
rate PDW superconductors. The FRG is a nonperturba-
tive approach to evaluate the effective action – namely,
the one-particle irreducible generating functional – at any
energy scale below the cutoff. Importantly, it allows to
study generic potential functions irrespective of whether
they are perturbatively renormalizable or beyond [37–
39]. Thus, the FRG method is a suitable approach for
the investigation of bosonic collective modes, where the
effective potential is crucial for the determination of var-
ious gaps in the symmetry-broken phase.
PDW state in honeycomb Dirac semimetals.— PDW
superconductivity may arise in various physical systems
although their experimental evidences have been scarce
so far. To be explicit, we first consider the PDW state of
spinless fermions on a honeycomb lattice close to a quan-
tum phase transition [21, 40] as a primary example (see
Fig. 1(a) for a schematic phase diagram). The half-filled
honeycomb lattice hosts two Dirac cones at K and K ′ in
the Brillouin zone, which are referred to as valley degrees
of freedom and are denoted by n = ±. We consider a fi-
nite intravalley pairing, i.e. ∆n ∼ 〈ψnσyψn〉 6= 0, which
breaks the translation symmetry of the underlying lat-
tice. Under translation of the primitive lattice constant
Dirac fermions and the order parameters transform as
ψ± → e±iKψ± and ∆± → e±i2K∆±, where K = 2pi/3
and we set the lattice constant to unity. Thus, the in-
travalley pairing state is a PDW superconducting state
with commensurability N = 3. Such a state can, for ex-
ample, be realized in the honeycomb model with nearest-
and next-nearest-neighbor interactions [21].
In the charged PDW phase described above, its low-
energy physics is described by the abelian Higgs model
S=
∫
x
−F 2
4e2
+
∑
n=±
[
|(∂µ − iAµ)∆n|2+ r
2
|∆n|2+ u
4!
|∆n|4
]
+
u′
4
|∆+|2|∆−|2 + h′(∆3+∆∗3− + H.c.) + · · · , (2)
where
∫
x
≡ ∫ d3x, A and F are the vector potential
and the field strength, respectively, and e is the effec-
tive charge of Cooper pairs. The particle-hole symmetry
of superconductors rules out a linear kinetic term [41, 42].
Note that in Eq. (2), the gapped fermions are ignored for
simplicity as their inclusion does not qualitatively change
the discussion of the Higgs mechanism. In terms of ampli-
tude and phase modes, ∆± = ϕ±eiθ± , the kinetic energy
is expressed as
|(∂µ − iAµ)∆±|2 = |∂µϕ± + iϕ±(∂µθ¯ −Aµ ± ∂µθ)|2,
where θ¯ = (θ++θ−)/2 and θ = (θ+−θ−)/2 corresponding
to Goldstone and Leggett modes, respectively. In unitary
gauge, Aµ → Aµ + ∂µθ¯, the Goldstone mode is eaten by
the gauge field via the Higgs mechanism, while the gauge
field obtains a mass. The mass of the gauge boson is set
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FIG. 1. (a) Schematic flow diagram near the phase transi-
tion between a (semi)metal and a PDW superconductor. The
two axes represent the tuning parameter and the Josephson
coupling strength, respectively. There are two fixed points, in-
dicating by red points, corresponding to the superconducting
(SC) transition point and the Nambu-Goldstone (NG) fixed
point. The black and blue arrows indicate the flow for the in-
commensurate and commensurate PDW states, respectively,
distinguished by whether the Josephson coupling is vanishing
or not. (b), (c), and (d) are the flow diagrams of the po-
tential coefficients in the incommensurate PDW phase. The
horizontal axis represents the flow parameter t ≡ log Λ0/Λ.
by the amplitude of the SC order parameter, i.e., |∆±|,
which is comparable to the SC gap of the Dirac fermions.
Thus, as far as the physics below the SC gap is concerned,
both the eaten-up Goldstone mode and the gauge boson
can be neglected. Note that it is reasonable to neglect
the eaten-up Goldstone mode and the gauge boson in
both incommensurate and commensurate PDW phases,
although the discussion above is focused on the PDW
phase with commensurability N = 3.
Collective modes in incommensurate PDW.— An in-
commensurate PDW can occur, e.g., through intra-valley
pairing in a nematic Dirac semimetal that breaks the C3
symmetry of the underlying honeycomb lattice. With-
out C3 symmetry, the Dirac point is still locally stable,
but the momentum of the Dirac point is no longer locked
at K or K ′. A possible example is the twisted bilayer
graphene, where an intermediate C3 nematic semimetal
phase is proposed [43]. At a generic momentum, the
PDW is incommensurate with the underlying lattice and
an additional U(1) symmetry emerges as discussed above.
The three boson degrees of freedom, i.e., two Higgs modes
ϕ± and one Leggett mode θ, can be changed to three real
bosons, φ± and φ. i.e., ∆± = ϕ±e±iθ → ∆± = φ± ± iφ.
Now, we are ready to write down the bare action for
the incommensurate PDW state with two Dirac fermions
3S = S0 + S1 with
S0 =
∫
x
(∂φ)2
2
+
∑
n=±
[
(∂φn)
2
2
+ Ψ†nHnΨn
]
, (3)
S1 =
∫
x
λ11(ρ+ − ρ−)2 +
∑
n=±
[
λ2
2
(ρn − ρ0)2 +
+
λ3
6
(ρn − ρ0)3 + gΨ†nσy(φnµx + nφµy)Ψn
]
, (4)
where Ψ± is the Dirac fermion in Nambu space with
Pauli matrices µi and σi acting on Nambu space and
Dirac space, respectively. H± = −iω ± kxσx + kyσyµz
is the kinetic term of the fermions and we have further
introduced ρ± ≡ 12 (φ2± + φ2). λi characterizes the boson
potential and g is the Yukawa coupling. We consider a
time-reversal invariant PDW phase, so the minimum of
the potential is chosen to be located at φ±,min =
√
2ρ0
and φmin = 0. In Eq. (4), there is no Josephson coupling
because of the incommensurability of the PDW phase un-
der consideration and the emergent U(1) symmetry ren-
ders the Leggett mode massless. FRG analysis.—We use
the FRG approach to study the superconducting gap and
the masses of the collective modes. The exact flow equa-
tion [34] reads ∂ΛΓ =
1
2Tr[∂ΛR(Γ
(2) +R)−1], where Γ de-
notes the flowing effective action with energy scale Λ and
Γ(2) is the second functional derivative of the effective
action with respect to boson and fermion fields. Further-
more, R is a suitable cutoff function. We implement the
extended local potential approximation (LPA′) consider-
ing the following ansatz of effective action Γ = Γ0 + Γ1
with
Γ0 =
∫
x
Zb
(∂φ)2
2
+
∑
n=±
[
Zb
(∂φn)
2
2
+ ZfΨ
†
nHnΨn
]
,
Γ1 =
∫
x
λ11(ρ+ − ρ−)2 +
∑
n=±
[
λ2
2
(ρn − ρ0)2
+
λ3
6
(ρn − ρ0)3 + gΨ†nσy(φnµx + nφµy)Ψn
]
, (5)
where Zi, i ∈ {b, f}, are field renormalization factors. We
implicitly assume Higgs and Leggett modes have same
field renormalization factor. Note that the fields φ±, Ψ±,
and φ in the effective action are expectation values and
different from the fields in the bare action. For notational
convenience we use same symbols.
With cutoff functions [44] Rb = Zb(Λ
2− k2)θ(Λ2− k2)
and Rfn = ZfHnrf
(
Λ
k
)
where rf (x) = (x − 1)θ(x2 − 1),
the flow equation for the bosonic potential U reads
∂ΛU =
KDZbΛ
D+1
D
[∑
n
1− ηbD+2
ZbΛ2 +m2n
+
1− ηbD+2
ZbΛ2 +m2L
]
− 2KDZ
2
fΛ
D+1
D
∑
n
1− ηfD+1
Z2fΛ
2 + 2g2ρn
, (6)
where D is the spacetime dimension and K−1D =
2D−1piD/2Γ(D/2). The RG flow of U can be projected
to the flow of the minimum of the potential ρ0 and
the interaction coefficients λi. Their dimensionless ver-
sions are given as ρ¯0 ≡ ZbΛ2−Dρ0, λ¯2 ≡ Z−2b ΛD−4λ2,
g¯2 ≡ Z−2f Z−1b ΛD−4g2, · · · . The mass terms appearing
in Eq. (6) and the following flow equations are evalu-
ated at generic field configurations, m± = m±(φ±, φ)
and mL = mL(φ±, φ). At the minimum of the poten-
tial, two Higgs modes are given by m2+ = 2λ2ρ0 and
m2− = 2λ2ρ0 + 8λ11ρ0, while the Leggett mode remains
massless, mL = 0, due to the emergent U(1) symme-
try. The superconducting gap is ∆2 = 2g2ρ0. The flow
equation for the Yukawa coupling reads
∂Λg
2 =
g4KDΛ
D+1
2D(Z2fΛ
2 + ∆2)
[(
1− ηfD+1
)
Z2f
Z2fΛ
2 + ∆2
( 1
Z2bΛ
2 +m2+
+
1
Z2bΛ
2 +m2−
− 2
Z2bΛ
2 +m2L
)
+
( Zb(1− ηbD+2)
(Z2bΛ
2 +m2+)
2
+
Zb
(
1− ηbD+2
)
(Z2bΛ
2 +m2−)2
− 2Zb
(
1− ηbD+2
)
(Z2bΛ
2 +m2L)
2
)]
. (7)
Note that in the symmetry-breaking phase, the renormal-
ization of Yukawa coupling g2 [45, 46] is not vanishing.
Finally, the anomalous dimensions are related to field
renormalization factors by ηi = −ΛZ−1i ∂ΛZi,
ηb =
8KDλ
2
2ρ0ZbΛ
D+2
D(ZbΛ2 +m2+)
2(ZbΛ2 +m2L)
2
+
8KDg
2ΛDZ2f
ZbD
×
[ (D + 2− 4ηfD−1)Z2fΛ2
(D − 2)(Z2fΛ2 + ∆2)3
−
3
4 − ηf2
(Z2fΛ
2 + ∆2)2
]
, (8)
ηf =
(
1− ηb
D + 1
)8KDZbΛD+2g2
D(Z2fΛ
2 + ∆2)
×
[1
2
∑
n
1
(ZbΛ2 +m2n)
2
+
1
(ZbΛ2 +m2L)
2
]
. (9)
In Fig. 1, we show the flow diagrams for the cou-
plings λ¯2, λ11 and g¯
2 as a function of flow parameter
t = log Λ0/Λ. Here, Λ0 is the cutoff energy of the bare
action. The initial values of the RG flow are chosen in the
PDW regime close to the transition point. The flow dia-
gram of λ¯2, Fig. 1(b), shows two plateaus corresponding
to the PDW transition point and the Nambu-Goldstone
(NG) fixed point of the broken U(1) symmetry owing to
the incommensurability. Note that the PDW transition
point is a critical point, while the NG fixed point is a sta-
ble fixed point characterizing the gapless Leggett modes.
The flow diagram of g¯2, Fig. 1(c), only shows the PDW
transition plateau, because the fermions are gapped out
in the SC phase and decouple from the low energy sector
at the NG fixed point. Thus, the flow of g¯2 is set by
its canonical dimension at the NG fixed point. The flow
diagram of the dimensionful λ11 shows its irrelevance at
the critical point [21].
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FIG. 2. The flow diagrams of the superconducting gap and
mass of amplitude mode at incommensurate PDW phase. We
have scaled the initial value to 1. (a) shows the flow of ∆2
and m2+. Notice that the flow quantities have dimension mass
squared. (c) shows the flow of the ratio m2+/∆
2.
After identifying two fixed points, we can study in more
details the flow of the SC gap and Higgs boson mass to-
wards low energies and we focus on one of the Higgs
modes, i.e., m2+, for simplicity. We show the flow of the
dimensionful squared masses ∆2 and m2+ in Fig. 2(a). At
the energy scale controlled by the PDW transition point,
the RG flows of SC gap and Higgs boson mass are almost
identical. At lower energies, the physics is controlled by
the NG fixed point: while ∆2 stops flowing because it
decouples from the low energy sector, m2+ continues to
flow due to fluctuations of the massless Leggett mode.
Eventually, m2+ flows to zero at extremely low-energies.
Fig. 2(b) shows the flow of the ratio between SC gap and
Higgs boson mass. After the system enters the energy
scale controlled by the NG fixed point, the Higgs mass
gets exponentially smaller compared to the SC gap as the
energy is lowered. This provides a robust energy window
where the Higgs modes are detectable in an incommen-
surate PDW superconductor.
Collective modes in commensurate PDW.—We now
study the case of commensurate PDW. Due to the com-
mensurability N = 3, we add a Josephson coupling term
∝ ∆3+∆∗3− + H.c. to the action which couples the two SC
condensates. The Josephson coupling in terms of real
bosons reads
SJ = h
∫
x
(
8
∑
n
ρ3n − [(φ+ + iφ)3(φ− + iφ)3 + H.c.]
)
.
We added
∑
n ρ
3
n such that SJ is nonnegative and the
minimum of the potential is still at φ±,min =
√
2ρ0,
φmin = 0. Including a term corresponding to SJ in
the truncation, the flow equations of the potential and
fermion anomalous dimension are same as Eqs. (6) and
(9), except the masses are different due to the presence
of the Josephson coupling. The flow equation of boson
anomalous dimensions is
ηb =
8KDZbΛ
D+2(λ2 + 288hρ0)
2ρ0
D(ZbΛ2 +m2+)
2(ZbΛ2 +m2L)
2
+
8KDg
2ΛDZ2f
DZb
×
[ (D + 2− 4ηfD−1)Z2fΛ2
(D − 2)(Z2fΛ2 + ∆2)3
−
3
4 − ηf2
(Z2fΛ
2 + ∆2)2
]
. (10)
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FIG. 3. The flow diagrams of the potential coefficient λ¯2,
superconducting gap, and masses of various collective modes
at commensurate PDW phase. We have scaled the initial
value to 1. (a) shows the flow of dimensionless coefficient λ¯2
∆2. (b) shows the flow of superconducting gap, Higgs boson
mass, and Leggett boson mass denoted by ∆2, m2+, and m
2
L
respectively. Notice that the flow quantities have dimension
mass squared.
The masses of Higgs mode and Leggett mode are given
by m2+ = 2λ2ρ0 and m
2
L = 288hρ
2
0, respectively. Note
that the Leggett boson mass is proportional to strength
of the Josephson coupling.
To study the flow of the collective modes of the com-
mensurate PDW, we set the initial values in the PDW
regime close to the transition point. Fig. 3(a), the flow
diagram of λ¯2, shows two fixed points corresponding to
the PDW transition point and the NG fixed point simi-
lar to that in incommensurate PDW state. However, the
NG fixed point is unstable in the commensurate PDW
state as exhibited by the run-away flow of λ¯2 after the
NG fixed point. This behavior originates in the Joseph-
son coupling which is dangerously irrelevant at the PDW
transition point and triggers the run-away flow of λ¯2.
In Fig. 3(b), we show the flow diagrams of the SC gap
and the masses of the collective modes. In the energy
range controlled by PDW transition point, the flows of
SC gap ∆2 and Higgs mass m2+ are identical. More inter-
estingly, the flow of the Leggett boson mass m2L is faster,
because of the irrelevance of h at the PDW transition
point. Thus, it provides an energy window to detect the
Leggett boson, i.e. the (dangerous) irrelevance of the
Josephson coupling makes the Leggett mode detectable
in the commensurate PDW state.
In the energy range controlled by the NG fixed point
only Higgs boson mass continues to flow, similar to
incommensurate PDW state, while both SC gap and
Leggett boson mass stop running. Finally, when the
system reaches lower energies, all masses stop flowing
and remain finite: unlike the incommensurate PDW
state where the enhanced U(1) symmetry protects gap-
less Leggett modes, there is no protected gapless mode
in the commensurate PDW phase. The presence of two
fixed points gives rise to an interesting emergent hierar-
chy of boson masses [31], which may shed light to a mech-
anism underlying the hierarchy problem in the Standard
5Model of particle physics [30].
Concluding remarks.— By using the FRG method, we
show that, (a) in an incommensurate PDW supercon-
ductor, the Higgs mass is exponentially smaller than the
superconducting gap near the superconductor transition
point, due to the gapless fluctuations of Leggett modes,
and (b) in the commensurate PDW phase, the Leggett
boson mass is finite but exponentially small compared to
Higgs boson mass and superconducting gap, i.e., a mass
hierarchy of the collective modes emerges.
We studied the PDW state in Dirac semimetals as an
explicit example to show the results, but those results are
robust in nodeless PDW superconductors. In the incom-
mensurate PDW state, the gapless Leggett modes which
is protected by the emergent U(1) symmetry can strongly
renormalize the Higgs mass. These findings are in general
correct in nodeless incommensurate PDW superconduc-
tor. On the other hand, in commensurate PDW super-
conductors, the mass hierarchy between Higgs boson and
Leggett boson masses relies on the fact that the Joseph-
son coupling is dangerously irrelevant at the PDW tran-
sition point. This happens generically in PDW states
with high commensurability [47].
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